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In this work, we provide an effective model to evaluate the one-electron dipole matrix elements
governing optical excitations and the photoemission process of single-layer (SL) and bilayer (BL)
transition metal dichalcogenides. By utilizing a k · p Hamiltonian, we calculate the photoemission
intensity as observed in angle-resolved photoemission from the valence bands around the K¯-valley
of MoS2. In SL MoS2 we find a significant masking of intensity outside the first Brillouin zone,
which originates from an in-plane interference effect between photoelectrons emitted from the Mo d
orbitals. In BL MoS2 an additional inter-layer interference effect leads to a distinctive modulation
of intensity with photon energy. Finally, we use the semiconductor Bloch equations to model the
optical excitation in a time- and angle-resolved pump-probe photoemission experiment. We find
that the momentum dependence of an optically excited population in the conduction band leads to
an observable dichroism in both SL and BL MoS2.
I. INTRODUCTION
Single-layer (SL) semiconducting transition metal
dichalcogenides (TMDCs) belong to the D3h symmetry
group, which implies the presence of a three-fold rotation
symmetry and the absence of spatial inversion symmetry.
Semiconducting SL TMDCs can be realized by the com-
position MX2, where the transition metal M={Mo,W}
is sandwiched between layers of the chalcogen X={S,Se}
in a trigonal prismatic structure. The combination of a
non-centrosymmetric lattice and heavy transition metals
leads to a large spin-splitting in the valence band (VB)
[1], valley-selective optical excitations [2–4], a valley-
Zeeman effect [5, 6] and a pronounced second-harmonic
generation effect [7]. When stacking two trigonal pris-
matic SLs to form a bilayer (BL) TMDC, electrostatic re-
pulsion between the anions leads to a structure in which
the two layers are rotated by 180◦ against each other,
giving rise to an inversion centre between the layers. In
this so-called 2H structure, all bands are spin-degenerate
and the spin- and valley-degrees of freedom are no longer
accessible, unless the inversion symmetry is broken by a
supporting substrate, electrical gating or selective prob-
ing of individual layers [8–13].
The key electronic properties of SL and BL TMDCs are
completely specified by the low energy electronic states
at the K¯ (K¯′) corner of the Brillouin zone (BZ) described
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by the Bloch waves |ψj(q, τz, sz)〉, where j is a band in-
dex and τz = ±1 and sz = ±1 are the associated valley
and spin indices. The wavevector q = k− τzK describes
the states around the valley points (q  K) where the
VB and conduction band (CB) states are separated by a
direct band gap [1]. The CB derives from the Mo (W)
dz2 orbital, while the VB is mainly composed of dx2−y2
and dxy orbitals [14] and is characterized by a signifi-
cant trigonal warping effect that plays an important role
in the optical, electrical and magnetic properties of the
materials [9, 15, 16].
In this Article, we model the q-dependent photoemis-
sion and optical selection rules emerging from the orbital,
spin, valley and layer degrees of freedom from the VB
and CB states in SL and BL TMDCs. This study is
motivated by recent angle-resolved photoemission spec-
troscopy (ARPES) experiments on SL and BL MoS2,
as presented in Fig. 1. Further details about the ex-
periments are provided in Refs. [17, 18]. The mea-
sured photocurrent in ARPES is given by In(E, q) =
|Mn(E, q)|2An(E, q)fFD(E). Here, An stands for the
photohole spectral function, fFD is the Fermi-Dirac func-
tion and Mn ∝ 〈ψf |ˆ · pˆ|ψi〉 is the one-electron dipole
matrix element [19]. Mn describes the coupling of the
initial state |ψi〉 in the TMDC to a free electron final state
|ψf 〉 via the momentum operator pˆ and an incident elec-
tric field with polarization ˆ. The SL MoS2 photocurrent
measured with 49 eV photons is presented as a constant
energy cross section, 0.24 eV below the VB maximum
(VBM) at K¯ in Fig. 1(a). Two trigonally warped con-
tours corresponding to the spin-orbit split VBs are vis-
ible. A strong variation of the photoemission intensity,
with the highest intensity observed in the first BZ, indi-
cates a pronounced momentum dependence of the pho-
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FIG. 1. (a)-(c) ARPES intensity at a fixed binding energy
0.24 eV below the VBM at K¯ for (a) SL MoS2 on Au(111)
[17] and (b)-(c) BL MoS2 on Ag(111) [18]. The dashed white
lines indicate the BZ boundaries. The data were obtained
using p-polarized photons with the given photon energies at
the SGM3 beamline of the ASTRID2 synchrotron light source
in Aarhus, Denmark [34].
toemission matrix elements. Constant energy contours
extracted at the same energy below the VBM at K¯ for
BL MoS2 exhibit similar trigonal features in addition to a
redistribution of intensity around the edge of the first BZ
depending on the photon energy as seen in Figs. 1(b)-(c).
The momentum-dependence of the matrix elements en-
codes the symmetry and orbital character of the initial
state. Moreover, despite the extended nature of the ini-
tial state, interference between photoelectrons emitted
from different sites in the unit cell can play an impor-
tant role. For example, in graphene the two carbon basis
atoms of the primitive unit cell cause a sublattice inter-
ference effect that modulates the photoemission intensity
of the pi-states composed from the pz orbitals centered on
the carbon atoms [20–22]. The intensity modulation due
to the matrix elements can be strongly dependent on the
energy and polarization of the photon beam [23–25]. This
has been exploited for more complex layered systems such
as the prototypical topological insulator Bi2Se3 to ex-
tract information about orbital angular momentum and
spin texture [26–28]. However, the roles of photoemission
geometry, layer-dependent dispersion and the electron fi-
nal state are highly non-trivial to disentangle from these
initial state effects [29–33]. A careful evaluation of the
matrix element effects is therefore a crucial part of such
analysis.
Here, we show that the intensity modulations seen
in Fig. 1 for SL and BL MoS2 originate from intra-
and inter-layer interference effects between photoemit-
ted electrons from the Mo d orbitals. We apply a semi-
analytical approach based on low-energy massive Dirac-
like models around the direct band gap in both SL and
BL MoS2 in order to calculate the ARPES intensity of the
VB and CB states. Since the CB is usually unoccupied
it is necessary to utilize an optical excitation to populate
these states and then collect the photoemission intensity
from the resulting excited state population, which is pos-
sible in an ultrafast time-resolved (TR) ARPES exper-
iment [35–39]. We therefore employ the semiconductor
Bloch equations to calculate the excited state population
in the CB minimum (CBM), and show that the associ-
ated intensity is strongly dependent on q and pump pulse
polarization.
The purpose of this paper is to present a tractable
model that can be used as a framework to evaluate the
role of matrix element effects in ARPES and TR-ARPES
experiments performed on TMDCs. The rest of this pa-
per is organized into three sections. In Section II we pro-
vide an analytical analysis of the dipole matrix elements
associated with photoemission from the SL and BL MoS2
VBs and CBs. In section III we extend this analysis to
include optical excitation and free carrier population of
CB states. Our results are summarized in Section IV.
II. MATRIX ELEMENTS FOR THE
PHOTOEMISSION PROCESS
In this section we adapt the procedure in Ref. 40 in
order to determineMn for the TMDCs. The initial state
is written as a Bloch wave |ψi〉 = |ψj(q, τz, sz)〉 and the
final state is approximated as a single plane wave |ψf 〉 =
|kf 〉, leading to
Mn(q, τz, sz) = ˆ · kf 〈kf |ψn(q, τz, sz)〉, (1)
where kf is the wavevector of the photoemitted electron.
In an ARPES experiment the direction kˆf = kf/kf =
(θf , φf ) is given by the measurement of polar and az-
imuthal emission angles θf and φf . The magnitude kf is
obtained from the kinetic energy Ek of the photoelectron.
Due to translational symmetry, the in-plane momentum
is conserved in the photemission process (modulo a re-
ciprocal lattice vector) kf‖ = τzK + q. The situation
is less simple for the out-of-plane momentum. This is
strictly not a good quantum number for an electron near
a surface, especially given the short inelastic mean free
path of the photoelectrons. However, when we simply
consider a free electron final state inside the solid, the
coupling to the photoemitted electron outside the sur-
face only requires that an energy scale shift in the form
of the inner potential V0 be taken into account, resulting
in a refraction at the surface barrier. We apply this pro-
cedure here and write the perpendicular momentum of
the initial state as kf⊥ =
(
2m0(Ek cos
2 θf + V0)
)1/2
/~.
Here, m0 is the free electron mass and ~ is Planck’s con-
stant. Ek = hν−Ebin−Φ is the electron kinetic energy at
the given photon energy hν, work function Φ and binding
energy Ebin of the initial state. A variation of hν there-
fore implies a change of kf⊥. Note that this treatment is
designed to handle the photoemission process for semi-
infinite solids. In a SL or BL, the meaning of V0 and its
consequences are less clear [41] and the particular choice
of V0 does not have a significant qualitative effect on the
results of this paper. The reader may choose to interpret
kf⊥ as a measure of the photon energy (for states of a
given binding energy) and remember that a comparison
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FIG. 2. (a)-(b) Schematic of (a) SL and (b) BL MoS2 struc-
tures. The lattice constant a ∼ 3.16 A˚ in the {xˆ, yˆ}-plane
is indicated by a double-headed arrow in the top-view. The
inter-layer separation c = 7.0 A˚ along zˆ is indicated by a
double-headed arrow in the side-view in (b). The side-length
of a hexagonal unit is indicated as a0 = a/
√
3.
of calculated and measured cross-section variations as a
function of hν may require the adjustment of V0.
In the following we consider the geometry of SL and
BL TMDCs presented in Figs. 2(a)-(b) where the “zig-
zag” direction of the lattice is oriented along xˆ and the
“arm-chair” direction is oriented along yˆ. This orienta-
tion leads to valley points at the wavevector k = τzK
where K = xˆ4pi/3a, with a ∼ 3.16 A˚ being the lattice
constant in MoS2. In the case of BL MoS2, we emphasize
that there are two Mo basis atoms located at u and -u
where 2u = a0yˆ + czˆ with a0 = a/
√
3 and c = 7.0 A˚ is
the separation between neighboring Mo planes [42].
A. SL TMDC
The initial Bloch state at a given k and spin index is
written as a linear combination of atomic orbitals
|ψj(k, sz)〉 =
∑
R
∑
n`m
eik·R√
N
U jn`m(k, sz)|R;n`m〉, (2)
where N stands for the number of lattice sites, the sum∑
R is evaluated over all lattice sites, {n, `,m} are the
atomic orbital quantum numbers and the k-dependent
lattice periodic function U jn`m is specified in further detail
below. We utilize the relation
〈kf |R;n`m〉 = 〈kf |e−ik·R|0;n`m〉
= e−ikf ·R〈kf |0;n`m〉 = Φn`m(kf )e−ikf ·R, (3)
where the Fourier transform of the atomic orbital is given
by Φn`m(kf ) = fn`(kf )Y`m(θf , φf ) with [40, 43]
fn`(x) = Nn` (−ix)
`
(x2 + 1)`+2
C
(`+1)
n−`−1
(
x2 − 1
x2 + 1
)
, (4)
where C
(α)
n (x) are Gegenbauer polynomials, Nn` is a nu-
merical pre-factor [43], and Y`m are spherical harmon-
ics. The in-plane momentum conservation is satisfied by
∑
R e
iR·(k−kf ) = Nδk,kf‖ , which implies
〈kf |ψj(k, sz)〉 =
√
Nδk,kf‖
×
∑
n`m
fn`(kf )U
j
n`m(k, sz)Y`,m(kˆf ).
(5)
We now state this expression for the valley points, which
are composed of Mo d orbitals in the fourth (n = 4)
principle quantum shell. Accordingly, we only consider
|A〉 ≡ dz2 ≡ |2, 0〉 and |B〉 ≡ (dx2−y2 − iτzdxy)/
√
2 ≡
|2,−2τz〉 [1]. Therefore, for a given valley index, τz, we
find
〈kf |ψj(q, τz, sz)〉 =
√
Nδk,kf‖f42(kf )
{
U j42,0(q, τz, sz)×
Y2,0(kˆf ) + U
j
42,−2τz (q, τz, sz)Y2,−2τz (kˆf )
}
. (6)
Note that U jn`m(q, τz, sz) ≡ U jn`m(τzK + q, sz). In order
to estimate the value of U jn`m we consider a k · p Hamil-
tonian of a SL TMDC in the basis of {|A〉, |B〉} orbitals,
which is given by
HˆSL(q, τz, sz) = Hˆiso(q, τz)+Hˆtw(q, τz)+Hˆsocτzsz. (7)
The spin-orbit coupling term reads Hˆsoc = λI Iˆ + λσˆz,
where Iˆ is the identity matrix, σˆα is the Pauli spin matrix
in the direction α, and the spin-orbit coupling parameters
are given in terms of λc = λI + λ ≈ −5.5 meV and λv =
λI − λ ≈ 74.5 meV, which are the spin-orbit coupling in
the CB and VB, respectively. The isotropic, Hˆiso, and
trigonal warping, Hˆtw, terms are given by the following
two-band Hamiltonians [15, 16, 44]
Hˆiso(q, τz) = ∆σˆz + a0t1(τzqxσˆx + qyσˆy)
+ a20(αIˆ + βσˆz)q
2,
Hˆtw(q, τz) = a20t2{(q2x − q2y)σˆx + 2τzqxqyσˆy}
+ a30τz(α
′Iˆ + β′σˆz)(q3x − 3qxq2y). (8)
Considering electron and hole effective masses, we ob-
tain α = ~2/4µ′a20 and β = E0 − t21/Eg with E0 =
~2/4µa20 where µ = memh/(mh + me) ≈ 0.2m0 and
µ′ = memh/(mh − me) ≈ 2.3m0. Here we have used
me ≈ 0.37m0 and mh ≈ 0.44m0 for the electron and hole
effective mass in SL MoS2, respectively [45, 46]. No-
tice that 2∆ = Eg − λc + λv in which Eg = 1.95 eV
[35] is the energy gap. For the intralayer effective hop-
ping we set t1 = 2.0 eV. The trigonal warping param-
eters are set to t2 ≈ −0.14 eV, α′ ≈ 0.44 eV and
β′ ≈ −0.53 eV [44, 47]. Using the parameterization as
HˆSL = hI Iˆ + hxσˆx + hyσˆy + hzσˆz we obtain
An ≡ Un42,0 =
hx − ihy√
h2x + h
2
y + (n|h| − hz)2
,
Bn ≡ Un42,−2τz =
n|h| − hz√
h2x + h
2
y + (n|h| − hz)2
. (9)
4Notice that for the shorthand notation we have dropped
the argument (q, τz, sz) in the above relations. We then
arrive at the following expression for the matrix element
around the valley points in a SL TMDC:
Mn(kf⊥; q, τz, sz) =
√
N ˆ · kff42(kf )× (10){
An(q, τz, sz)Y2,0(kˆf ) +Bn(q, τz, sz)Y2,−2τz (kˆf )
}
.
B. BL TMDC
In the BL TMDC model we utilize a four-band k · p
Hamiltonian expressed in the basis {c+, v+, c−, v−}
where c+(v+) labels CB (VB) of top layer and c−(v−)
labels CB (VB) of bottom layer, leading to [9, 48]
HˆBL(q, τz, sz) =
[Hˆ− Hˆ⊥
Hˆ†⊥ Hˆ+
]
(11)
with Hˆ± = HˆSL(±q,±τz, sz) and the interlayer coupling
reads
Hˆ⊥ =
[
t′⊥(τzqx − iqy) 0
0 t⊥
]
, (12)
in which t⊥ = 0.045 eV and t′⊥ = 0.0387 eV quantify the
strength of interlayer tunneling of electrons and holes,
respectively [9, 48]. Moreover, for the BL case we set
Eg = 1.9 eV and 2∆ = Eg − λc +
√
t2⊥ + λ2v.
The Bloch function is written as a linear combination
of atomic orbitals localized on the Mo lattice sites, ne-
glecting as usual the S atoms because their contribution
to the relevant states at τzK/− τzK on the top/bottom
layer is negligible:
|ψj(k, τz, sz)〉 = 1√
N
∑
R
eik·R
{
eik·u|R+ u, τz, sz, j〉
+ e−ik·u|R− u, τz, sz, j〉
}
. (13)
The localized orbital in each layer can be written in
terms of atomic orbitals of the transition metal (i.e.
|n`,m〉 ∈ {|42, 0〉, |42, 2〉, |42,−2〉}):
|R± u, τz, sz, j〉 = A±j (k, sz)|R± u; 42, 0〉
+B±j (k, sz) |R± u; 42,±2τz〉 , (14)
where +/− corresponds to the top/bottom layer. After
taking in-plane momentum conservation into account, we
obtain the following result for the matrix element in a BL
TMDC:
Mn(kf⊥; q, τz, sz) = e−i
ckf⊥
2 M+n (kf⊥; q, τz, sz)
+ ei
ckf⊥
2 M−n (kf⊥; q, τz, sz) (15)
0.0
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FIG. 3. (a)-(b) Color map of |Mn|2 in SL MoS2 in the (a)
VB and (b) CB for kf⊥ = 5/a0. The magnitude of |Mn|2 has
been normalized to the maximum value in the plotted range.
(c) Masking parameter Zxn as a function of kf⊥ for both VB
(n = v) and CB (n = c). We set τz = sz = 1 and qc = 0.5/a0.
The value of kf⊥ used for the plots in (a)-(b) has been marked
by a vertical dashed line.
in which we have
M±n (kf⊥; q, τz, sz) =
√
N ˆ · kff42(kf )× (16){
A±n (q, τz, sz)Y2,0(kˆf ) +B
±
n (q, τz, sz)Y2,±2τz (kˆf )
}
.
Hence, we use the four-band model given in Eq. (11)
and evaluate the A±n and B
±
n factors. Owing to the nor-
malization of the eigenvectors, we have
∑
`=±{|A`n|2 +
|B`n|2} = 1.
C. Momentum-dependence of the matrix elements
The numerical results for |Mn|2 in the VB and CB
of SL MoS2 around K¯ are shown in Figs. 3(a) and 3(b),
respectively. A monotonic decrease in magnitude is seen
from negative to positive qx-values while the variation in
the qy-direction is minor in this geometry. We will refer
to the decline in |Mn|2 towards the outer BZs as a mask-
ing of the intensity. In order to quantify this masking
effect in an average manner, we introduce the following
masking parameter:
Zαn (kf⊥, τz, sz) =
∑
q sign(qα)|Mn(kf⊥; q, τz, sz)|2∑
q |Mn(kf⊥; q, τz, sz)|2
.
(17)
The above summations are carried out in a square region
with side lengths 2qc = 1.0/a0 centered at K¯. Here, α
labels the coordinate and n labels the band (v for VB
and c for CB). If Zxn = Z
y
n = 0 there is no masking and
thus a uniform intensity along both qx and qy. A situa-
tion where Zxn < 0 corresponds to a decrease of |Mn|2 for
qx > 0, which leads to masking of the intensity towards
the outer BZ. In Eq. (10) it is implicit that the matrix
element depends on kf⊥ and will thus vary with the pho-
ton energy used in an ARPES experiment. We quantify
this variation by evaluating Zxn at different kf⊥ as shown
in Fig. 3(c). In all cases we find that Zxn < 0 and that
50.4
0.0
-0.4
-0.8
0.5
0.0
-0.5
-1.0
 Z
vα
 Z
cα -
+
 α = x
 α = y
 α = y α = x
 q
y
-0.4
0.0
0.4
(1
/  
 )
 a
0
 q
y
-0.4
0.0
0.4
(1
/  
 )
 a
0
 qx (1/   ) a0
0.0-0.4 0.4
 qx (1/   ) a0
0.0-0.4 0.4
 k     (1/a  )f┴ 0
0 4 82 6 10
(a) (c) (e)
(b) (d) (f)
 Z   ≈ 0v
y
+
 Z   < 0v
x
+
 Z   < 0c
x
-
 Z   ≈ 0c
y
-
 Z   > 0v
y
+
 Z   < 0v
x
+
 Z   ≈ 0c
x
-
 Z   < 0c
y
-
 k     = 4.87/af┴ 0
K MΓ K MΓ
 k     = 6.05/af┴ 0
FIG. 4. (a)-(d) Color map of |Mn|2 in the BL MoS2 (a) VB
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in the plotted range. (e)-(f) Masking parameter calculated
along qx (α = x) and qy (α = y) as a function of kf⊥ for the
(e) VB and (f) CB. We set τz = 1, qc = 0.5/a0 and average
over the spin, sz. The vertical dashed lines indicate the kf⊥
values used for the plots in (a)-(d).
Zyn = 0 for the VB and CB of SL MoS2 corresponding
to a decrease in ARPES intensity towards the outer BZ,
as explained above. The masking in the CB gets weaker
with increasing kf⊥, and in the VB it exhibits a more
complex behavior with a minimum at kf⊥ ≈ 4.3/a0.
The square modulo of the SL MoS2 matrix element
given in Eq. (10) can be decomposed as |Mn|2 =
PA + PB + PAB where PA ∝ |An|2|Y2,0(kˆf )|2, PB ∝
|Bn|2|Y2,−2(kˆf )|2 and PAB ∝ A∗nBnY2,0(kˆf )Y2,−2(kˆf ) +
c.c. Note that the An and Bn parameters are given
in Eq. (9). All three terms contribute to the masking
effect. This is substantially different from the case of
graphene where it mainly originates from the interfer-
ence term, i.e. P grapheneAB ∝ ∓(qx/q) [21, 40] for the
CB (+) and VB (−). For graphene this term origi-
nates from the two pz orbitals localized on the two car-
bon atoms in the primitive unit cell. In the case of SL
MoS2 the effect emerges from the |A〉 ≡ dz2 ≡ |2, 0〉 and
|B〉 ≡ (dx2−y2− iτzdxy)/
√
2 ≡ |2,−2τz〉 orbitals centered
on a single Mo atom.
In the BL TMDC model, the square modulo of the
matrix element reads
|Mn|2 = |M+n |2 + |M−n |2
+ 2Re[M+∗n M−n ] cos(ckf⊥)
+ 2Im[M+∗n M−n ] sin(ckf⊥). (18)
Here, we find two sets of interference effects: One origi-
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nates from the Mo d-orbitals within each layer and can
accordingly be referred to as an intra-layer interference
effect. It is given by the first line in Eq. (18). The other
comes from the layer degree of freedom as seen by the
last two lines in Eq. (18) and is therefore referred to as
inter-layer interference.
The result of a numerical evaluation of Eq. (18) is pre-
sented in Figs. 4(a)-(b) for kf⊥ ≈ 4.87/a0 and Figs. 4(c)-
(d) for kf⊥ ≈ 6.05/a0 in the top-layer VB (n = v+) and
bottom-layer CB (n = c−), which constitute the VBM
and CBM, respectively. Indeed, the masking effect ap-
pears to be considerably different from that of SL MoS2
and varies strongly along both the qx- and qy-direction
and this variation depends also on kf⊥. A calculation of
the masking parameter for different kf⊥ reveals an oscil-
latory behavior as shown in Figs. 4(e) and 4(f) for the
VB and CB, respectively, which reflects the inter-layer
cos(ckf⊥) and sin(ckf⊥) terms in Eq. (18). Such behav-
ior was not observed in a previous study of the matrix
elements in BL graphene in Ref. 21 because it was as-
sumed that kf⊥c 1. Our result presented here indicate
a significant photon energy dependence of the photoe-
mission matrix elements for ARPES from BL TMDCs.
Since a bulk TMDC consists of the same unit cell as the
BL investigated here, the photon energy dependence of
the matrix element can be expected to behave in a very
similar way in the bulk.
D. Calculation of ARPES intensity
The photoemission intensity of SL and BL MoS2 is
numerically calculated for the VB using the expression
In ∝ |Mn(kf⊥; q, τz, sz)|2An(E, q, τz, sz), (19)
6where fFD = 1, since we are considering the oc-
cupied states. The spectral function is expressed
as An(E, q, τz, sz) = pi−1Γ/([E − En(q, τz, sz)]2 + Γ2),
where we set Γ = 0.05 eV and the bare dispersion
En(q, τz, sz) is obtained by diagonalizing the correspond-
ing k · p Hamiltonian.
The q-dependent intensity in the VB at an energy of
E −EVBM = −0.24 eV is presented in Fig. 5 for SL and
BL MoS2. We use kf⊥ values of 6.22/a0, 7.49/a0 and
8.32/a0 because these correspond to the photon energies
of 49 eV, 65 eV and 80 eV used for the ARPES measure-
ments in Fig. 1, if an inner potential given by the bulk
MoS2 value, V0 = 12 eV, is assumed [49]. A compari-
son between these values has a rather high level of un-
certainty because of the ambiguity of V0 and the choice
of tight-binding parameters in the modeling. However,
we observe excellent agreement between the measured
ARPES intensity of SL MoS2 in Fig. 1(a) and the calcu-
lations in Figs. 5(a)-(c) where a strong masking effect is
observed along qx, reducing the overall intensity towards
the outer BZ. In BL MoS2 we sum over the spin index and
find a qualitative agreement between the calculations in
Figs. 5(d)-(f) and the data in Figs. 1(b)-(c), as the inten-
sity in the two trigonally warped contours is seen to con-
centrate along the BZ edges for some kf⊥-values. This
behavior emerges from the inter-layer interference effect
that leads to a kf⊥-dependent masking effect along qy.
III. LIGHT-INDUCED CONDUCTION BAND
POPULATION
In this section we investigate the q-dependent CB in-
tensity that can be measured in TR-ARPES performed
on TMDCs as shown in Ref. 18. An initial optical ex-
citation by an intense laser pulse with a photon energy
close to the TMDC direct gap at K¯ leads to direct in-
terband transitions between VB and CB states. The re-
sulting excited state is then probed by photoemission,
such that the TR-ARPES intensity from the CB will de-
pend on both the photoemission matrix element, which
was explored in the previous section, and the momentum
dependence of the transient population. The latter can
be determined by solving the semiconductor Bloch equa-
tions in the dipole approximation for the light-matter
interaction, which we consider in the following. The
time- and polarization-dependent photoemission inten-
sity in the excited state is then written
In(E, q, θ, t) ∝ |Mn(q)|2An(E, q)fn(q, θ, t) (20)
where fn(q, θ, t) is the transient CB population and θ
determines the direction of the electric field polarization
vector, ˆ(θ) = cos θxˆ + i sin θyˆ, for the optical excita-
tion. Note that time-dependent many-body effects such
as screening induced band renormalization and electron-
phonon interactions lead to a time-dependent spectral
function [50–52], which we neglect in the analysis pre-
sented here. Our results are thus restricted to the situ-
ation in the initially excited state before any dephasing
and relaxation processes occur.
A. The semiconductor Bloch equations
We consider the following Hamiltonian for the light-
matter interaction in the band basis:
Hˆ =
∑
n
Ecncˆ
†
ncˆn +
∑
m
Evmvˆ
†
mvˆm +
∑
nm
~ωR;nmcˆ†nvˆm + c.c.
(21)
Note that cˆ†n (vˆ
†
m) stands for the creation operator for
the nth conduction (mth valence) band. The param-
eter ωR;nm = E · dnm/~ is the Rabi frequency that
quantifies the light-matter interaction in which dnm =
〈n|(−er)|m〉 is the dipole moment matrix element. The
laser pulse is modeled as a classical electric field E(θ, t) =
ˆ(θ) cos(ω0t) exp{−t2/τ20 } where τ0 is the pulse duration
and ω0 is the pump laser frequency. The CB (VB) pop-
ulation is written as f cn = 〈cˆ†ncˆn〉 (fvm = 〈vˆ†mvˆm〉) and
is determined by solving the semiconductor Bloch equa-
tions within the rotating wave approximation (RWA),
which implies e±iω0t cos(ω0t)→ 1/2 for a high frequency
[53, 54]:
∂f cn
∂t
= −2
∑
m
Im[ωR;nmp
∗
nm], (22)
∂fvm
∂t
= +2
∑
n
Im[ωR;nmp
∗
nm], (23)[
∂
∂t
+ iνnm +
1
τp
]
pnm = −iωR;nm(f cn − fvm). (24)
Note that, as before, n = ± and m = ± correspond to
the sub-band label in the CB and VB, respectively. The
parameter τp stands for the relaxation of interband po-
larization, pnm = e
−iω0t〈cˆ†nvˆm〉. The detuning parameter
reads νnm(k) = [E
c
n(k) − Evm(k)]/~ − ω0 and the Rabi
frequency is given by
ωR;nm(k, θ, t) =
E0ˆ(θ) · dnm(k)
2~
e
− t2
τ20 , (25)
where the factor of 1/2 originates from the RWA. Note
that the dipole moment matrix element between Bloch
states, |ψc/vj (k)〉 = eik·r|uc/vj (k)〉, can be evaluated as
dnm(k) =
ie~
Ecn(k)− Evm(k)
〈ucn(k)|∇kHˆ(k)|uvm(k)〉,
(26)
where we applied the identity [rˆ, Hˆ(k)] = i∇kHˆ(k).
Therefore, the Rabi frequency reads as
ωR;nm(k, θ, t) = i
eE0e
− t2
τ20
2(Ecn(k)− Evm(k))
Mnm(k, θ), (27)
7where the central quantity is the velocity matrix element
Mnm(k, θ) = 〈ucn(k)|ˆ(θ) ·∇kHˆ|uvm(k)〉, which depends
on the polarization vector of the pump pulse.
In a perturbative treatment of the strength of the elec-
tric field, we have the following linearized equation of
motion for pnm:[
∂
∂t
+ iνnm +
1
τp
]
pnm(t) = iωR;nm(t). (28)
Note that we have considered f cn = 1 − fvm = 0 in the
absence of the external field. Using pnm(0) = 0, we find
pnm(t) =
∫ t
0
dt′ωR;nm(t′)Gnm(t′ − t), (29)
where Gnm(t) = ie
−i(νnm−i/τp)t. We plug the above rela-
tion into Eq. (22) and by considering f cn(0) = 0, we find
the total excited state population in the CB
fexcn = −2
∑
m
Im
[∫ ∞
0
dtωR;nm(t)p
∗
nm(t)
]
. (30)
This expression can be simplified as follows
fexcn =
(eE0)2
2
∑
m
|Mnm|2
(Ecn − Evm)2
Knm(νnm, τ0, τp) (31)
where
Knm(νnm, τ0, τp) =
∫ ∞
0
dt
∫ t
0
dt′e
− t2+t′2
τ20 Im[Gnm(t
′ − t)].
(32)
The integral over t′ can be solved analytically, leading to
Knm(νnm, τ0, τp) =
∫ ∞
0
dt g(t, νnm, τ0, τp) (33)
where
g(t, νnm, τ0, τp) =
√
piτ0
4
e−
τ20 ν˜
∗2
nm
4 e
−itν˜∗nm− t
2
τ20
×
[
S∗(t, ν˜nm, τ0) + e
iνnmτ0
(
τ0
τp
+2 tτ0
)
S(t, ν˜nm, τ0)
]
.
(34)
Note that ν˜nm = νnm− i/τp and S(t, ν˜nm, τ0) = erf( tτ0 +
i τ0ν˜nm2 ) − erf( i2τ0ν˜nm) in which erf(x) is the error func-
tion. For the resonance condition, i.e. |ν˜nm|  1/τ0, we
can approximate g ≈ (√piτ0/2)e−t2/τ20 erf(t/τ0), which
implies Knm ≈ piτ20 /8. Moreover, for a large bandgap
system like MoS2, we have E
c
n −Evm ≈ Eg which implies
the following relation around the valley points
fexcn ≈
piτ20 (eE0)2
16E2g
∑
m
|Mnm|2. (35)
Therefore, to calculate the transient population we need
to evaluate the velocity matrix elements as a function of
q, which is discussed in the following subsection.
B. Evaluation of velocity matrix elements
Since the optical interband transitions are spin (sz)
and valley (τz) conserving we can define the velocity ma-
trix element associated with the pump pulse as follows
Mnm(q, τz, sz) = 〈ucn|ˆ(θ) ·∇qHˆ(q, τz, sz)|uvm〉, (36)
where for shorthand notation we drop the (q, τz, sz)-
dependence of the wave functions. We consider an ellip-
tically polarized pump pulse, where θ = 0 and θ = pi/2
correspond to linear horizontal and vertical polariza-
tions, while the cases of θ = ±pi/4 correspond to left-
(−) and right-handed (+) circular polarizations. For
a given optical transition m → n, we formally write
Mnm = Mnmx cos θ + iMnmy sin θ in which the velocity
matrix element component reads Mnmα = 〈ucn|∂qαHˆ|uvm〉.
The absolute value square then follows
|Mnm|2 = |Mnm0 |2 (1 + fnmcirc sin(2θ) + fnmlin cos(2θ))
(37)
where 2|Mnm0 |2 = |Mnmx |2 + |Mnmy |2 and
fnmcirc =
2Im[Mnmx M
nm∗
y ]
|Mnmx |2 + |Mnmy |2
, (38)
fnmlin =
|Mnmx |2 − |Mnmy |2
|Mnmx |2 + |Mnmy |2
. (39)
The term proportional to sin(2θ) leads to a circular
dichroism effect, which is normally exploited to gener-
ate a valley-polarization in the SL TMDCs [2–4] be-
cause sin(2θ) = ±1 for θ = ±pi/4 where +/− stands
for right/left-handed circular polarization. On the other
hand, the cos(2θ) term corresponds to a linear dichroism
effect since cos(2θ) is equal to 1 (-1) when θ is 0 (pi/2).
It is interesting to note that, because of the proportion-
ality fcirc(q) ∝ Im[MxM∗y ], this term is closely related to
the Berry curvature Ω(q), which is given by [55, 56]
Ωi(q) = −
∑
j 6=i
2Im[M ijx (q)M
ij∗
y (q)]
(Ei(q)− Ej(q))2 , (40)
such that Ω(q) can be obtained by extracting fcirc(q) in a
TR-ARPES measurement [18]. The spin-averaged Berry
curvature is zero if the system is invariant under both
spatial inversion and time-reversal symmetries. This im-
plies that circular dichroism is absent in a BL TMDC
owing to the centrosymmetric structure of the system.
By diagonalizing the two-band Hamiltonian given in
Eq. (7), we calculate Mα and thereby obtain the veloc-
ity matrix element, Mcv, for a transition from the VB
to the CB for a given set of spin and valley indices in SL
MoS2, as sketched in Fig. 6(a) for θ = pi/4. The numer-
ical result for the fcirc component is shown in Fig. 6(b)
for sz = 1 and τz = 1. This term is strong and nearly
isotropic around K¯. By solving the Bloch equations given
8τ  = 1z
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FIG. 6. (a) Sketch of electron (filled circle) and hole (open
circle) excitation with a circularly polarized (θ = pi/4) light
pulse at the K¯-valley (τz = 1) in a SL TMDC. The arrow
indicates a transition from the VB (v) to the CB (c) for a
pulse energy resonant with the direct band gap. The velocity
matrix element |Mcv|2 governing the transition is indicated
for θ = pi/4. Blue (red) curves indicate spin up (down), cor-
responding to sz = 1. (b) q-dependent circular dichroism
component fcirc of SL MoS2 corresponding to the spin up
VB and CB states. (c) Difference of excited state popula-
tion fexcn in SL MoS2 between optical excitations with circu-
lar left- and right-polarizations. (d) Similar sketch as in (a)
for a BL TMDC excited with a linearly polarized (θ = 0)
pulse along with the corresponding expression for |Mcv|2. (e)
q-dependent linear dichroism component flin of BL MoS2 av-
eraged over spin due to the spin degeneracy in BL MoS2.
(f) Difference of excited state population fexcn in BL MoS2
between optical excitation with linear vertical and horizon-
tal polarizations. All calculations were performed by using
τ0 = 30 fs, τp ≈ 22 fs, E0 = 0.87 V/nm and ~ω0 = 2 eV.
in Eqs. (22)-(24) we obtain the transient population in
the CB and find a nearly uniform circular dichroism ef-
fect in momentum space when calculating the difference
fexcn (θ = pi/4)− fexcn (θ = −pi/4), which is shown in Fig.
6(c).
It is instructive to give analytical expressions for both
fcirc and flin for small q in a SL TMDC. Neglecting the
spin-orbit coupling, we have |M0|2 ≈ v2 with v = a0t1/~
and
fcirc ≈ τz
[
1− 2R2(a0q)4
]
+ 8R
t2
t1
(a0q)
3 cos(3φ) , (41)
flin ≈ R(a0q)2 cos(2φ) + 4τz t2
t1
(a0q) cos(φ) , (42)
where R = (t21−2E0Eg)/E2g and φ = arctan(qy, qx). The
linear dichroism term is non-zero only at finite q where
the symmetry between the qx- and the qy-direction is
broken.
By diagonalizing the four-band Hamiltonian of BL
MoS2 given in Eq. (11), we calculate the velocity matrix
elements and extract the spin-averaged linear dichroism
following excitation with a linearly polarized pump pulse
as sketched for θ = 0 in Fig. 6(d). The flin compo-
nent shown in Fig. 6(e) is highly anisotropic, indicating a
strongly q-dependent transient population when excited
with linearly polarized light, even in an inversion sym-
metric BL TMDC. This is more clearly seen in Fig. 6(f)
via the difference in transient population induced using
excitations with linear horizontal and vertical polariza-
tions, fexcn (θ = 0)− fexcn (θ = pi/2), which is again found
by solving the Bloch equations given in Eqs. (22)-(24).
Since circular dichroism is absent in a BL TMDC the
optical response in a TR-ARPES experiment probing a
single (E, k)-cut for different pump pulse polarizations
will be dominated by the noticeably strong linear dichro-
ism around K¯ in Fig. 6(f) [18].
IV. SUMMARY
We have calculated the photoemission matrix elements
for SL MoS2 around the K¯ valley using a single free-
electron final state approximation and a two-band k · p
Hamiltonian that includes trigonal warping effects. The
model was extended to BL MoS2 using a four-band
Hamiltonian. In photoemission from the VB states in
SL MoS2 we find that intra-layer interference arising
from the transition metal d orbitals causes a suppres-
sion of photoemission intensity towards the higher Bril-
louin zones. An additional inter-layer interference in BL
MoS2 leads to a complex redistribution of intensity that
strongly depends on the photon energy in an ARPES
experiment. We note that while MoS2 was used as an
example, the modeling applies to other semiconducting
TMDCs, merely requiring the adaptation of their k · p
parameters.
In order to describe the intensity of the CB states in
a TR-ARPES experiment, we have numerically solved
the semiconductor Bloch equations and evaluated the
interband velocity matrix elements, describing transi-
tions from the occupied VB to the unoccupied CB based
on an optical excitation with tunable polarization. In
SL TMDCs the transient population in the CB exhibits
a near uniform circular dichroism in momentum space
while in BL TMDCs this effect is absent, thereby leaving
behind a highly momentum-dependent linear dichroism
effect at finite q.
The differences in photoemission intensity and tran-
sient state behavior that we have found here in SL and
BL TMDCs underline the crucial role of both orbital and
layer degrees of freedom when interpreting (TR) ARPES
spectra from these materials. Our results for the photoe-
mission and inter-band matrix elements will facilitate the
analysis of dichroism and Berry curvature in the TMDCs,
as well as help deconvolve matrix element effects from
many-body interactions in the spectral function of the
materials.
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